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FOREWORD 
S p a t i a l  i n t e r a c t i o n  models have played an impor tan t  r o l e  
i n  two t a s k s  i n  t h e  Human Se t t l emen t s  and Se rv i ces  Area. I n  
t h e  Pub l i c  F a c i l i t i e s  Location Task they  have been used t o  
r e p r e s e n t  t h e  l o c a t i o n a l  behavior  of e s t ab l i shmen t s  and house- 
ho lds .  I n  t h e  Urban Change Task they  have been used t o  d e s c r i b e  
i n t e r n a l  mig ra t ion  p a t t e r n s .  I n  t h i s  paper ,  Waldo Tobler  i n t r o -  
duces a  new s p a t i a l  i n t e r a c t i o n  model and o u t l i n e s  some of i t s  
p r o p e r t i e s .  Va r i an t s  of t h e  b a s i c  model a r e  noted and a  computer 
l i s t i n g  i s  provided f o r  r e a d e r s  wishing t o  exp lo re  t h e  u se fu lnes s  
of  t h e  model a s  a  d e s c r i p t o r  of movement p a t t e r n s .  
Andrei Rogers 
Chairman 
Human Se t t l emen t s  
and Se rv i ces  Area 

ABSTRACT 
I n  t h e  Q u a d r a t i c  T r a n s p o r t a t i o n  Problem t h e  o b j e c t i v e  i s  t o  
minimize t h e  f u n c t i o n a l  
s u b j e c t  t o  t h e  c o n s t r a i n t s  
Here we i n t e r p r e t  x i j  a s  t h e  q u a n t i t y  of movement (migran ts ,  
commuters, t r a d e ,  t e lephone  c a l l s ,  e t c . )  between p l a c e s  i and j 
dur ing  a  given i n t e r v a l  of t i m e .  The t r a n s p o r t  d i s u t i l i t y  o r  
c o s t  i s  l a b e l e d  c i j  and i s  assumed t o  be known. The problem 
s o l u t i o n  i s  x i j  = ( a i+Bj ) / c i j ,  and t h e  Lagrangians can be  in -  
t e r p r e t e d  a s  e s t i m a t e s  of shadow p r i c e s .  Va r i an t s  of t h e  b a s i c  
model a r e  noted and competing s p a t i a l  i n t e r a c t i o n  models a r e  
c i t e d .  The model i s  t e s t e d  us ing  empi r i ca l  d a t a  on t h e  v i s i t a -  
t i o n  of persons  t o  a  se t  of r e c r e a t i o n a l  f a c i l i t i e s .  A compu- 
t e r  program l i s t i n g  i s  provided.  
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THE QUADRATIC TRANSPORTATION PROBLEM 
AS A MODEL OF 
INTERREGIONAL MIGRATION PATTERNS 
INTRODUCTION 
S p a t i a l  i n t e r a c t i o n  models p u r p o r t  t o  d e s c r i b e  t h e  amount 
of  movement between sets  of p l a c e s .  There a r e  many such  models ,  
each w i t h  many v a r i a n t s ,  and t h e  l i t e r a t u r e  i s  e x t e n s i v e .  I n  
t h i s  s h o r t  r e p o r t  I i n t r o d u c e  a "new" s p a t i a l  i n t e r a c t i o n  model 
and o u t l i n e  some of  i t s  p r o p e r t i e s .  Whether, or  when (under  
which c i r c u m s t a n c e s ) ,  t h i s  model shou ld  supe r sede  t hose  now 
i n  u s e  w i l l  need t o  be d ec ided  by t h e  r e a d e r .  To i n t r o d u c e  
t h e  s u b j e c t  a well-known model is  d e s c r i b e d .  
1 .  THE LINEAR TRANSPORTATION PROBLEM (L.T.P.) 
The o b j e c t i v e  f u n c t i o n  i s  t o  
Min : L I X i j c i j  
i j 
S u b j e c t  t o :  1 x i j  = Oi j = l , . . . , C  
j 
This  problem h a s  a  d u a l ,  whose v a r i a b l e s  a r e  normal ly  
i n t e r p r e t e d  a s  shadow p r i c e s ,  and s e v e r a l  v a r i a n t s ,  o f  which 
t h e  t r a n s s h i p m e n t  problem i s  worthy of  c i t a t i o n  i n  t h e  p r e s e n t  
c o n t e x t .  F u r t h e r  d e t a i l  is  n o t  r e q u i r e d  s i n c e  t h e  L.T.P. is  
w e l l  known. R e c a l l , h o w e v e r , t h a t  t h e  number of  non-zero x i j  i n  
t h e  s o l u t i o n  does  n o t  exceed C + R - 1 ,  and t h a t  t h e s e  v a l u e s  
w i l l  be i n t e g e r s  i f  t h e  m a r g i n a l  sums Oi and I a r e  i n t e g e r s .  j  
The L.T.P. c a n  be  l a i d  o u t  i n  t h e  form of  a  r e c t a n g u l a r  
t a b l e ,  a s  f o l l o w s :  
TO PLACES 
1  ......................................... C Row Sum 
FROM 
PLACES 
Quantity 
Shipped Out 
Column Sum 4 
Quantity Shipped In = I j 
I n  a d d i t i o n  t o  t h e  known marg ina l  t o t a l s  Oi and I t h e  t r a n s -  
1  , 
p o r t  c o s t  q u a n t i t i e s  c a r e  a l s o  g iven .  The s o l u t i o n  t o  t h e  i j 
L.T.P. c o n s i s t s  i n  f i n d i n g  t h e  e n t r i e s  x i j  i n  t h e  box t o  s a t i s f y  
t h e  o b j e c t i v e  f u n c t i o n .  
The i m p o r t a n t  p o i n t  i s  t h a t  v i r t u a l l y  a l l  of  t h e  c u r r e n t  spa-  
t i a l  i n t e r a c t i o n  models c a n  b e  c a s t  i n  t h i s  same r e c t a n g u l a r  t a b l e  
f o r m a t ,  and w i t h  v i r t u a l l y  i d e n t i c a l  c o n s t r a i n t s .  What d i s t i n -  
g u i s h e s  one model from a n o t h e r  i s  t h e  o b j e c t i v e  f u n c t i o n .  S e v e r a l  
p o s s i b i l i t i e s  a r e  g i v e n  i n  t h e  e n s u i n g  p a r a g r a p h s .  The c o n t e x t  
o f  t h e  s t u d y  s h o u l d  e n a b l e  one t o  d e c i d e  between v a r i o u s  o b j e c -  
t i v e  f u n c t i o n s .  Whether t h e  p o i n t  i s  t o  o b t a i n  a  r e a l i s t i c  
d e s c r i p t i o n  o f  n a t u r a l  e v e n t s  o r  a n  i d e a l i s t i c  (normat ive )  one  
w i l l  i n f l u e n c e  t h i s  d e c i s i o n .  
2 .  THE QUADRATIC TRANSPORTATION PROBLEM ( Q .  T .  P . ) 
2 . 1  The Problem 
The o b j e c t i v e  f u n c t i o n  is  t o  
Min : L 1 x I j c i j  
i j  
s u b j e c t  t o  t h e  prev ious  c o n s t r a i n t s .  With Lagrangians t h i s  
becomes 
S e t t i n g  t h e  a p p r o p r i a t e  d e r i v a t i v e s  t o  ze ro  y i e l d s  
and 
These l a s t  two equa t ions  a r e  e a s i l y  w r i t t e n  a s  a  s i n g l e  s imple  
mat r ix  equa t ion ,  of rank R + C  - 1 ,  and d i r e c t l y  so lvab le .  Once 
t h e  Lagrangians a r e  known t h e  x  can be  computed. This  de r iva -  i j  
t i o n  does n o t  cons ide r  t h e  non-nega t iv i ty  c o n s t r a i n t  which must 
be taken  i n t o  account  by means f u l l y  d i scus sed  i n  Dorigo and 
Tobler  (1983) .  
P r o p e r t i e s  which d i s t i n g u i s h  t h e  s o l u t i o n  t o  t h e  Q.T.P. 
from t h a t  of t h e  L.T.P. a r e  t h a t  
a )  The x i j  a r e  on average sma l l e r  numbers. This  i s  forced  
by t h e  q u a d r a t i c  t e r m  i n  t h e  o b j e c t i v e  func t ion .  
b)  The number of non-zero x  w i l l  exceed R + C  - 1 ,  and i j  
w i l l  approach RC. 
The 
a r e  g e n e r a l l y  n o t  i n t e g e r s .  
P r o p e r t i e s  a )  and b )  a r e  more i n  accord  w i th  e m p i r i c a l  
s p a t i a l  i n t e r a c t i o n  t a b l e s  t han  a r e  t h e  s o l u t i o n s  t o  t h e  L.T.P .  
This  i s  expec ted  because  commodity f lows a r e  rendered  more re- 
l i a b l e  by a  d i v e r s i t y  of  s o u r c e s ,  urban t r a f f i c  i s  d i v e r t e d  t o  
avo id  conges t i on ,  and mig ra t i on  p a t t e r n s  a r e  rendered  d i f f u s e  
due t o  i n fo rma t ion  i nadequac i e s .  S p a t i a l  a l l o c a t i o n  models 
which use  t h e  L.T.P.  t h u s  y i e l d  r e s u l t s  which a r e  less r e a l i s -  
t i c  t han  can be ob t a ined  through t h e  u se  o f  t h e  Q. T . P .  s o l u t i o n .  
P rope r ty  c)  of t h e  L.T.P.  i s  d e s i r a b l e ,  however, and s u g g e s t s  
i n v e s t i g a t i o n  o f  an I n t e g e r  Q.T .P .  
2 . 2  V a r i a n t s  on t h e  Q.T.P.  
I t  i s  obvious  t h a t  a  Q u a d r a t i c  Transshipment Problem can be 
fo rmula ted ,  w i t h  s o l u t i o n  p rocedures  modeled on t h o s e  o f  t h e  
l i n e a r  c a s e .  Th i s  can be g iven  an i n t e r e s t i n g  i n t e r p r e t a t i o n .  
L e t  b i j  be t h e  l e n g t h  of  t h e  border  between r e g i o n s  i and j .  
Then t h e  o b j e c t i v e  f u n c t i o n  
Min : 2 I I X i j  / b i j  
i j  
r e p r e s e n t s  a  problem i n  which t h e  square  of  t h e  f l u x  a c r o s s  t h e s e  
bo rde r s  i s  minimized. Now most r e g i o n s  i n  t h e  domain of  i n t e r e s t  
w i l l  n o t  have common boundar ies ,  - b i j  = 0. I n  o r d e r  t o  s a t i s f y  
t h e  c o n s t r a i n t s  it may be neces sa ry  t o  " t r a n s s h i p "  e n t i t i e s  
through a d j o i n i n g  r e g i o n s .  Ac tua l  r o u t i n g  of  movements can t h u s  
b e  modeled. 
A l t e r n a t e l y  c o n s i d e r  o b j e c t i v e  f u n c t i o n s  a s  fo l l ows  
2 . 2 . 1  Min : 2 X i j c i j  / O i I j  
. T 
o r  
2 . 2 . 2  Min : 
The second of  t h e s e  y i e l d s  
a s  s o l u t i o n ,  n e g l e c t i n g  t h e  non-nega t iv i ty  c o n s t r a i n t  ( e a s i l y  
added,  a s  b e f o r e ) .  Th i s  i s  recogn ized  a s  a  v a r i a n t  form of  t h e  
" s p a t i a l  g r a v i t y  model",  a s  wide ly  used i n  Geography, Regional  
S c i e n c e ,  and r e l a t e d  f i e l d s .  The v a r i a n t  2.2.1 r e q u i r e s  less 
d a t a  ( t h e  Pi, P .  a r e  " p o p u l a t i o n s "  o f  t h e  sou rce  or d e s t i n a t i o n  
3 
r e g i o n s ) .  Both o f  t h e s e  v a r i a n t s  can  be i n t e r p r e t e d  a s  i n c o r -  
p o r a t i n g  "economies o f  s c a l e "  i n t o  t h e  t r a n s p o r t a t i o n  sys tem by 
a l l o w i n g  t h e  magnitude o f  t h e  movements t o  i n f l u e n c e  t h e  t r a n s -  
p o r t a t i o n  cost  s t r u c t u r e .  F u r t h e r  d e t a i l s  on t h e s e  Q.T.P. 
model v a r i a n t s  can be found i n  Toble r  (1983) .  
The s p a t i a l l y  co n t i n uous  v e r s i o n  o f  t h e  b a s i c  Q.T.P. 
r e q u i r e s  min imiza t ion  o f  t h e  doub le  i n t e g r a l  
w i t h  - - 0 a s  t h e  Neumann c o n d i t i o n  on t h e  boundary. The q - 7 y -  
s o l u t i o n  t o  t h i s  l e a s t  s q u a r e s  problem i s  
where a ( x ,  y )  and B ( x ,  y )  a r e  d i f f e r e n t i a b l e  s p a t i a l  f u n c t i o n s  
and 0  ( x , y )  and I ( x , y )  a r e  s p a t i a l l y  con t i nuous  s o u r c e  and s i n k  
d e n s i t y  f u n c t i o n s .  Th i s  i s  a  coupled sys tem of s imul taneous  
l i n e a r  p a r t i a l  d i f f e r e n t i a l  (Helmholz) e q u a t i o n s .  Observe t h a t  
t h i s  s o l u t i o n  y i e l d s  two-way f l ows ,  con t i nuous ly  r o u t e d  from 
one p l a c e  t o  a n o t h e r  th rough  a d j a c e n t  p l a c e s .  S u b t r a c t i o n  o f  
one  e q u a t i o n  from t h e  o t h e r  y i e l d s  P o i s s o n ' s  e q u a t i o n  w i t h  t h e  
d i f f e r e n c e  between t h e  i n  and o u t ,  i . e . ,  t h e  amount of  change 
a t  a  p l a c e ,  a s  t h e  d r i v e r .  The s o l u t i o n  of  t h i s  s i n g l e  p a r t i a l  
d i f f e r e n t i a l  equa t ion  can then  be r ep re sen ted  a s  a  s p a t i a l l y  
vary ing  a t t r a c t i v i t y  f i e l d  o r  p o t e n t i a l ,  wi th  f lows shown a s  a  
c u r l - f r e e  vec to r  f i e l d ;  s e e  Tobler (1981) f o r  examples. Addi- 
t i o n  of t h e  two equa t ions  y i e l d s  a  s i n g l e  P.D.E .  f o r  t h e  g r o s s  
movements w i th  s i m i l a r  p r o p e r t i e s .  
3. OTHER SPATIAL INTERACTION MODELS 
Most widely used today i s  t h e  en t ropy  model (Wilson 1967):  
Max : 
- 1 1 x i j  i n  X i j  
i j  
where t h e  fo l lowing  c o n d i t i o n  
i s  added t o  t h e  prev ious  c o n s t r a i n t s .  D i s  a  q u a n t i t y  which i s  
( r a t h e r  u n r e a l i s t i c a l l y j  assumed known a  p r i o r i .  Th is  model 
has  a s  s o l u t i o n  
Here t h e  Lagrangians e n t e r  i n  m u l t i p l i c a t i v e  form, n o t  i n  t h e  
s impler  a d d i t i v e  form of t h e  Q . T . P .  These two models (and some 
ot .hers)  a r e  a p p l i e d  t o  empi r i ca l  migra t ion  d a t a  i n  Tobler (1983) ,  
w i th  t h e  Q.T.P. y i e l d i n g  a  very s l i g h t l y  b e t t e r  f i t  t o  t h e  d a t a  
t han  t h e  en t ropy  model. I n  t h e  migra t ion  c a s e  R = C and t h e  
i n t e r a c t i o n  t a b l e  i s  squa re ,  b u t  t h i s  does n o t  add complexity.  
Of course  a  s e p a r a t e  a n a l y s i s  may be undertaken f o r  each migrant  
ca t ego ry  o r  age group. 
I t  i s  perhaps  of i n t e r e s t  t o  cons ide r  an even s impler  model, 
namely 
min : 2 L 1 x i j  
i j  
subject to: 1 xij = Oi , 1 xij = , xij t 0 
j j 
The constraints are identical to those used in the entropy 
model but a somewhat simpler objective function is specified. 
The solution is 
The solution procedure is similar to that used for the Q.T.P., 
and it is again necessary to be careful to not violate'the non- 
negativity constraint. This simple linear model resembles the 
regression equation often used in movement studies, with origin 
effects, destination effects, and an impedence between the sets 
of places. Of course we expect Y to be negative. 
2 Since xij in xij is not very different from xij, an objective 
function of the form 1 1 xij(ln xij)cij or 1 1 xij(ln x )c../O.I 
i j  i j  ij 11 1 j 
is suggested and these can also be found in the literature. The 
total cost constraint D is then no longer needed. 
4. EMPIRICAL EXAMPLE 
The data, tabulated in the Appendix, come from Cesario 
(1 973) ; also see Slater (1 974) , Cesario (1 974) , and Baxter and 
Ewing (1979) who analyze the same table. Given is the number 
of people from each of ten counties who visited five parks during 
a single day, and the distance between these parks and the 
counties. It is rather absurd that one distance be used to 
represent the separation of a county and a park (see the map 
in Baxter and Ewing, 1979), but this is common in this type 
of modeling and the convention is accepted here. 
From the data the outsums Oi and insums I are computed, j 
and the objective is to re-estimate the movement quantities by 
filling in the body of the table. The results include the 
Lagrangians a s  "pushes" and " p u l l s " .  They a r e  of course  estim- 
a t e s  of t h e  shadow p r i c e s ,  and a r e  determined only  up t o  a  con- 
s t a n t  of i n t e g r a t i o n  a s  i n  any Neumann problem. 
The r o o t  mean square  e r r o r s  compare wi th  a  va lue  of c i r c a  
5.8 x lo6 r epor t ed  by Cesar io  ( 1  974) and a  va lue  of 7.0 x 10 6 
computed by Baxter and Ewing ( 1  979) . Cesar io '  s model ( 1  973, 
1974) minimizes t h e  RMSE without  e x a c t l y  s a t i s f y i n g  t h e  marginal  
c o n s t r a i n t s ,  and t h u s  i s  n o t  d i r e c t l y  comparable t o  t h e  L.T.P;., 
Q.T.P., o r  en t ropy  models. But t h e  r e s u l t s  sugges t  t h a t  t h e  
Q.T.P. s o l u t i o n  i s  a p l a u s i b l e  candida te  d e s c r i p t o r  of t h e  
even t s  i n  ques t ion .  I t  i s  more d i f f i c u l t  t o  dec ide  whether it 
i s  a b e t t e r  d e s c r i p t o r  than  t h e  o t h e r  models (except  t h e  L.T.P. 
which would only  poor ly  r e p r e s e n t  t h e  a c t u a l  movements. 
5. COMPUTER PROGRAM 
The appended computer l i s t i n g  i s  s l i g h t l y  modified from 
an  e a r l i e r  v e r s i o n  w r i t t e n  by D r .  G. Dorigo while  a  pos t -doc tora l  
r e s i d e n t  a t  t h e  Univers i ty  of C a l i f o r n i a  a t  Santa Barbara i n  
1980. I t  should be s e l f  explanatory.  
DATA 
Observed Movements 
:i::ty \ T ~ a r k  B ig  Hickory  Promised ~ o c o n o  Gouldsboro  Run  and Tobyhanna 
Berks  
Carbon 
Lackawanna 
Leh igh  
Luzerne  
Monroe 
~gor thhampton 
P i k e  
S c h u y l k i l l  
Wayne 
T o t a l  1737 12486 11628 2658 4952 33461 
B ig  Hickory  Promised 
D i s t a n c e s ( m i 1 e s )  Pocono Gou ldsboro  Run Land Tobyhanna 
Berks  
Carbon 
Lackawanna 
Lehigh 
Luze rne  
Monroe 
Northhampton 
P i k e  
S c h u y l k i l l  
Wayne 
S o u r c e :  C e s a r i o  (19731,  T a b l e  5 ,  p .  245. 
Model Results 
From \ Big Hickory  Promised  , County P a r k  Pocono Gouldsboro  Run Land Tobyhanna Pushes  
Berks  
Carbon 
Lackawanna 
Lehigh 
Luzerne  
Wonroe 
Northhampton 
P i k e  
S c h u y l k i l l  
Wayne 
P u l l s  -119336 10132 6492 -95868 -63122 1 X 2 . C . .  = 2.25 E+9 i j 11 r i  
~i::~~\ P::k Big  Pocono Gouldsboro  Run Land Hickory  Promised  Tobyhanna Pushes  
Berks  3 1 197 2 12 4 2 8 6 4.04 E-3 
Carbon 11 1 532 890 108 275 7.28 E-4 
L a c ~ a w a n n a  395 5026 2246 917 1652 6.71 E-5 
Lehrgh 207 1022 1061 263 4 34 1.81 E-3 
Luzerne  347 2615 4562 517 1063 4.86 E-4 
Monroe 19 1 738 4 18  227 365 0 
Northhampton 325 1547 1293 374 709 1.68 E-3 
P i k e  9 5 3  3 4 2 1 2 6 1.59 E-3 
S c h u y l k i l l  114 682 876 155  311 2.35 E-3 
Wayne 8 7 3  36 34 32 7.78 E-4 
P u l l s  
100 BL3 CDADRATIC TEALSPORTATIOL FE03LLi , 
102 BM F-R-MBLER 25 SLPT 1982 
105 R U  ROWS* COLULAS 
110 BATA 4r5 
115 RE4 OUT* Ili-SUAS 
120 DATA7r3t5rlS*lr8r8r9t4 
125 RE4 DISTUCZS 
130 CATA9*4r3r?t5*4r2r?* 2r5 
140 DATd3r7t12r4r9r9r4r3r5rl 
200 B U D  BI!vBC:RE4 $ ROWS* tCOLS 
210 DIN O ( H B ) r I ( ~ C ) r I 9 ( ~ C ) r 0 9 ( 4 3 1  
220 DIIW(NR~XC)~D(LR,YC) 
230 GOSU33000 
600 RB4 
610 3IH R(NC) rElXR) tEl(liCIrhl(XR) 
620 FORK=lTOXR: E(K)=~:E~(KI=O:NLXTL 
G O  2ORX=lTO&C: 3l(K )=O:XEXTi< 
640 L M S 9 9 9 :  IR=O:OT=O:T2=2: 5+12: Sh=O- 5 
650 2x4 GLT T2IBL SOL~TIOY 
655 TS=1 
660 cosua 2000 
670 OT4T+l:T=l-OL32 
680 R P 4  CdLCX SOLUTIOY 
690 FORK=lTOXR 
700 IFE(K)>TTHUi720 
710 T = E ( l o  
720 XEXTK 
730 ZOZJ=lTOXC 
735 I9(J)=O 
740 B[J)=R(JI+T 
750 XEXTJ 
760 I'OU=lTOYR 
765 091K )=O 
779 EtY )=617!-T 
780 YEXTX 
790 P1=l:T=O:DF=O:T3=0:S=O:Sl=O 
eoo FOU=ITO~R 
810 XORJ-1TOYC 
620 ;4(KrJI=O 
830 XEXTJ 
840 PEXTK 
850 RLY 
660 ,rORi(=lTOLiR 
670 ,rORJ=lTONC 
890 SH=(RlJ)+E(gI)*D(XrJ) 
900 S:4=Shi*SH 
901 2X-I LIN6S 904,905 XCIECE 
902 Em Bti IXTLGER SOLDTIOP 
903 RLil THLY NAY bE RE-OVLG 
904 Qi;=S3+SE 
905 St-I=QE 
906 E24 PUSH, PULL c BUNCTIOIAL 
907 9Bi VhLULS ALSO CE,UGE 
908 RE4 VITB INTEGSE SOLUTIOP 
310 NlK, J)=Si4 
920 19(J)=IS(J)+Sd 
930 09(K)=09(KI+Sd 
940 Ir"S;.i*=OTIi23970 
953 F1=0 
963 D(KsJ)=O 
970 XEXTJ 
980 2LXTK 
9'30 RL. 
1000 DF=O 
1010 F09K=IT@4R 
1020 DF=X+ABS (O (B 1-09(U 1 
1030 XLX'IX 
1040 FOEJ=lTO:iC 
1050 Dr?=DF+A3S(I(J)-I9(J)) 
1060 NEXTJ 
1070 REt4 
1080 IPPl~OT3~i1100 
1090 GOT0650 
1100 E U  DOiiEt PRIZT RLSULTS 
2110 PBIXT!" " 
1120 Pi?IXT!"RZSULTS Ash" 
1125 PEIdT! "ITEXATIOliS=";OT; " '; IR 
1130 FOX-1TOii2 
1135 S2=0 
1140 ZORJ-1TOBC 
1153 PRIYT!K; J ; X ( K r J )  
1152 ITD(iinJ)<=OTdXX1160 
1154 S = i i ( E v J ) / D ( Z r J )  
1156 T=T+S 
1158 T3=T3+W(KrJ)*S 
1160 S2=S2+H (Xr J I 
1161 Sl=Sl+H(Kr J 
1162 dlEXTJ 
1165 P2IXT!"ROli SU;4="; S 2 ; 0  ( K  
1 1 7 0  HEXTX 
1172 P1IliT!"Gi!&iC SUA=":Sl 
1173 PRIAT!"COLUI-I~~ SSLrS=" 
1174 ZOEJ-1TOhC 
1175 S=O 
1176 ZOPX-1TOAB 
1177 S=S+.+(YIJ) 
1178 KEXTX 
1179 P R I L T ! J ; S ; I ( J )  
1180 XZXTJ 
1181 I I ' D I < l T B U 1 1 8 6  
1182 PRIET! "DISC2L3MCY DUE TO" 
1183 PBIXT!"rC)SCZG IXTLCZS SOL6TIOii IS"  
1184 PRIST ! DE 
1186 PIIIaT!' " 
1187 PBIkLT ! "PVSYLS" 
1188 IOFX=lTOiiR 
1193 P3IHT!K;Z(K) 
1200 N6X'IB 
1205 PRIJT!  "?ULLSn 
1210 FOSJ=lTOSC 
1220 P R I X T ! J ; S ( J )  
1230 SBXTJ 
1233 PSINT! "FUkCTIO1;AL VALUS TOR" 
1235 PRIdT ! "LINhAR=" ; T 
1 2 3 7  PRIYT ! "QUAESATIC="; T 3  
1 2 G 5  PRIST!" " 
1 2 G 6  PRIkiT ! "DOLI," 
1 2 5 0  EKD 
2000 RLt HAIX IT69ATIOki XOR ZdC311iI;IBliS 
2 0 3 2  EEH PULLS ASSOCIATEG WIT3 SISES 
2004 32i-I PUSIi5S' ASSOCIATSD YITII SOUSCZS 
2010 FORL=lTOLP 
2 0 2 0  SS-TS: TS=O 
2025 FLU ESTIdATE PUSK ( E l  
2030 ZORJ=lTOSC 
2040 T=O: SO=O 
2050 ZO??=lTOhB 
2063 SO=SO+C(KrJl 
2070 'bT+E(Zl*D(Kr J l  
2080 YEXTL 
2 0 9 0  R ( J ) = ( T 2 * I ( J ) - T ) / S O  
2 1 0 0  PSXTJ 
2110 324 6STIMSTE PULL ( E l  
2 1 2 0  POIli(=lTO!U! 
2130 -0: S o x 0  
2 1 G 0  ZORJ=lTOiiC 
2 1 5 3  SO=SO+D(KvJ) 
2160 T=T+RIJ)*D(KrJ l  
2170 YEXTJ 
2180 X(X)=(TZ*O(K)-T)/SO 
2190 36XTX 
2200 Rai BOW CBECX COiiVLSGUCL 
2 2 1 0  IR=III+l:  T=O 
2 2 3 0  FOPA=lTOBS 
22S0 D P = B E S ( E ( X ) - L l ( K l  1 
2 2 5 0  L l ( X ) = E ( K )  
2260 ITABS ( L(X 1 l <TSTHLV2280 
2 2 7 0  TS=ABS(E(X) 1 
2 2 8 0  IFDE<SSTZLX2310 
2 2 9 0  I 3 D P  TTXLZi2313 
2300 T=DP 
2310 SE'XTX 
2320 FORJ=ITOdC 
2330 D F = A B S ( R ( J ) - , S l ( J I )  
23i0 B l ( J ) = I ? ! J )  
2350 IELBS ( R I  J l )<TSTilBi23?0 
2 3 6 0  T S = A B S ( R ( J I )  
2370 IPDF<SSTifZI2400 
2380 IPDP-=TTHEi2400 
2 3 9 0  T-DF 
2 4 0 0  NSXTJ 
2 4 1 0  IPT=OTHL~2500  
24G0 TS=TS910?-E? 
2150 KEXTL 
2500 3E;TUR.A 
hLL DATA ARE IN 
3030 BL+ 3ZdD DATA 
5005 XI;H OUTSUIIIS=ORIGI~LS=SOURC~S=SUPPLIES 
SOC6 SM=O 
3010 FORX=lPOXR 
3020 R U E  0 ( 8  1 
3025 S~=SH+O (X 1 
3030 U X T K  
3035 RE4 INSUNS=CESTILdTIOtiS=SI1;iS=GEr:XiGS 
3040 EOM=lTOkiC 
3050 EEhD I(X1 
3355 Sd=S:i- I ( K 
3060 YEXTX 
3062 IFSd=OTHhX3066 
3063 PRIST ! "Slii.iitATIGX EBE09" 
5065 Rh.4 DISTAKCLS 
3066 X = 1  
3067 EL4 SET X=O TO MOGULATL 
3068 EEL DISTAKCLS ZY Ti.91; SIZi 
3070 I O R % = l T O E R  
3060 FOBJ=lTOXC 
3065 D(K,31=0 
3090 READ T 
3100 IPT=OTkiU3120 
3110 D ( K , J ) = l / T  
3112 IZX=lPEL;43120 
3114 DIX,J)=D(KsJ)*O(Y)*I(J) 
3120 X6XTJ 
3130 H U T &  
3140 PSILiT!"hLL E I T A  Ail-L 12;" 
3150 EETUEd 
ESSULTS A2E 
ITLRATIOIiS= 2 41 
1 1  0 
1 2 2  
1 3 3  
1 4 2  
1 5 0  
RO'd S U l b  7 7 
2 1 0  
2 2 1  
2 3 0  
2 4 2  
2 5 0  
EOV SUM= 3 3 
3 1 0  
3 2 1  
3 3 1  
3 4 3  
3 5 0  
ROY SUA= 5 5 
2 1 1  
4 2 3  
4 3 4 
4 4 3  
4 5 4  
20U SU:4= 15 15 
G%AXD SU!+ 30 
COLU;4S Suds= 
1 1 1  
2 7 8  
3 8 8 
4 10 9 
5 4 4  
CISCX%?RYCY DUX TO 
TORCLD IiiTiGL3 SOiTiTIOli IS 
2 
FESiiLS 
1 14-788156i3 
2 0 
3 14.2663455 
4 22*$425273 
PULLS 
1 -12-4179G45 
2 4-06599424 
3 2.66715162 
4 7.1522at317 
5 -14.482015 
FUSCTIOXAL VALUE FOZ 
i ISLXi i=  120 
CUDRATIC- 230 
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